We consider the problem of finding integer-sided triangles with R/r an integer, where R and r are the radii of the circumcircle and incircle respectively. We show that such triangles are relatively rare.
Introduction
Let F GH be a triangle with sides of integer length f, g, h. Possibly the two most fundamental circles associated with the triangle are the circumcircle which passes through the 3 vertices, and the the incircle which has the 3 sides as tangents. The radii of these circles are denoted R and r respectively. Clearly R > r > 0, and it is interesting to speculate whether the (dimensionless) ratio R/r could ever be an integer.
If we denote the distance between the centres of these two circles as d, then it is a standard result in triangle geometry that d 2 = R(R − 2r), so that R/r ≥ 2. Equality occurs for equilateral triangles with f = g = h = 1.
Basic trigonometry gives the formulae
with s being the semi-perimeter (f + g + h)/2 and ∆ the area. Thus
Now, ∆ = s(s − f )(s − g)(s − h), so that
so that, if R/r = N, with N a strictly positive integer, we must find integers f, g, h such that
which bears a very strong resemblance to the integer representation problems in [1] and [2] . In all cases we look to express N as a ratio of two homogeneous cubics in 3 variables. Expressing equation (4) as a single fraction, we derive the cubic
We cannot get very far with this form, but we can proceed quickly if we replace h by 2s − f − g. This gives
2 )f +8Ns(g−s) 2 = 0 (6) and it should be noted that we only need to consider rational f, g, h and scale to integer values, since this would not affect the value of R/r.
Since we want rational values for f , this quadratic must have a discriminant which is a rational square, so that there must be a rational d with
Define d = s 2 y/(4N + 1) and g = sx/(4N + 1), giving the quartic
which can be transformed to an equivalent elliptic curve by a birational transformation. We find the curve to be
with the transformation
As an example, consider the case of N = 7, so that E 7 is the curve v 2 = u 3 + 166u 2 + 29u. It is moderately easy to find the rational point u = 29/169, v = 6902/2197 which lies on the curve. This gives g/s = 63/65, and the equation for f is −14f 2 + 938f + 14560 = 0, from which we find the representation f = −13, g = 63, h = 80, clearly not giving a real-world triangle.
Elliptic Curve Properties
We have shown that integer solutions to equation (4) are related to rational points on the curves E N defined in equation (9). The problem is that equation (4) can be satisfied by integers which could be negative as in the representation problems of [1] and [2] .
To find triangles for the original form of the problem, we must enforce an extra positivity constraint on f, g, h. To investigate the effect of this, we must examine the properties of the curves. We will try to keep this as simple as possible.
We first note that the discriminant of the curve is given by
so that the curve is singular for N = 2, which we now exclude from possible values, having seen before that the equilateral triangle gives N = 2. Given the standard method of addition of rational points on an elliptic curve, see [3] , the set of rational points forms a finitely-generated group.
The points of finite-order are called torsion points, and we look for these first. The point at infinity is considered the identity of the group. The form of E N implies, by the Nagell-Lutz theorem, that the coordinates of the torsion points are integers.
The points of order 2 are integer solutions of
and it is easy to see that the roots are u = 0 and u = 2N + 1 − 2N 2 ± N(N − 2). The latter two are clearly irrational and negative for N a positive integer, so there is only one point of order 2.
The fact that there are 3 real roots implies that the curve consists of two components -an infinite component for u ≥ 0 and a closed finite component (usually called the "egg").
Points of order 2 allow one to look for points of order 4, since if P = (j, k) has order 4, 2P must have order 2. For a curve of the form given by (9), the u-coordinate of 2P must be of the form (j
2 . Thus, we must have j 2 = 4N + 1 = (2r + 1) 2 , so N = r 2 + r. Substituting these values into (9), we see that we get a rational point only if r(r + 2) is an integer square, which never happens. There are thus no points of order 4.
Points of order 3 are points of inflexion of the curve. Simple analysis shows that there are points of inflexion at (1, ±2N). We can also use the doubling formula to show that there are 2 points of order 6, namely (4N +  1, ±2N(4N + 1) ).
The presence of points of orders 2, 3, 6, together with Mazur's theorem on possible torsion structures, shows that the torsion subgroup must be isomorphic to Z6 or Z12.
The latter possibility would need a point P of order 12, with 2P of order 6, and thus an integer solution of
implying that N = t 2 + t. Substituting into this equation, we get an integer solution if either t 2 − 1 or t(t + 2) are integer squares -which they are not, unless N = 2 which has been excluded previously.
Thus the torsion subgroup is isomorphic to Z6, with finite points (0, 0), (1, ±2N), (4N + 1, ±2N(4N + 1) ). Substituting these points into the g/s transformation formula leads to g/s being 0, 1 or undefined, none of which lead to a practical solution of the problem.
Thus, we must look at the second type of rational point -those of infinite order.
Practical Solutions
If there are rational points of infinite order, Mordell's theorem implies that there are r generator points G 1 , . . . , G r , such that any rational point P can be written
with T one of the torsion points, and n 1 , . . . , n r integers. The value r is called the rank of the curve. Unfortunately, there is no simple method of determining firstly the rank, and then the generators. We used a computational approach to estimate the rank using the Birch and Swinnerton-Dyer conjecture. A useful summary of the computations involved can be found in the paper of Silverman [4] .
Applying the calculations to a range of values of N, we find several examples of curves with rank greater than zero, mostly with rank 1. A useful by-product of the calculations in the rank 1 case is an estimate of the height of the generator, where the height gives an indication of number of digits in the rational coordinates. For curves of rank greater than 1 and rank 1 curves with small height, we can reasonably easily find generators. However, when we backtrack the calculations to solutions of the original problem, we hit a significant problem.
The elliptic curve generators all give solutions to equation (4), but for the vast majority of N values, these include at least one negative value of f, g, h. Thus we find extreme difficulty in finding real-life triangles with strictly positive sides. In fact, for 3 ≤ N ≤ 99, there are only 2 values of N where this occurs, at N = 26 and N = 74.
To investigate this problem, consider the quadratic equation (6), but written as
The sum of the roots of this is clearly 2s −g, but since f + g + h = 2s, this means that the roots of this quadratic are in fact f and h. Positive triangles thus require s > 0, g > 0, 2s − g > 0 and 4Ns − g(4N + 1) > 0, all of which reduce to 0 < g s < 4N 4N + 1
Looking at equation (10), we see that the analysis splits first according as u > 1 or u < 1. Consider first u > 1, so that, for g/s > 0 we need v > 4N + 1 − (2N + 1)u. The line v = 4N + 1 − (2N + 1)u meets E N in only two points, (1, 2N) and (4N + 1, −2N(4N + 1) ) with the line actually being a tangent to the curve at the latter point. Thus, if u > 1 we need v > 0 to give points on the curve with g/s > 0.
For the second half of the inequality with u > 1, we need v < 1+(2N −1)u. The line v = 1 + (2N − 1)u meets E N only at (1, 2N) , so none of the points with u > 1, v > 0 are satisfactory. Thus to satisfy (13) we must look in the range u < 1. Firstly, in the interval [0, 1), we have g/s > 0, since the numerator and denominator of (10) are negative. For the second half, however, we need v > 1 + (2N − 1) u, but the previous analysis shows this cannot happen.
Thus, the only possible way of achieving real-world triangles is to have points on the egg component. From the previous analysis it is clear that any point on the egg leads to g/s > 0. For the other part of (10), we must consider where the egg lies in relation to the line v = 1+(2N −1)u. Since the line only meets E N at u = 1, the entire egg either lies above or below the line. The line meets the u-axis at u = −1/ (2N − 1) , and the extreme left-hand end of the egg is at u = 2N + 1 − 2N 2 − N(N − 2) which is less than −1 for N ≥ 3. Thus the entire egg lies above the line so v > 1 + (2N − 1)u and so (10) is satisfied.
Thus, we get a real-life triangle if and only if (u, v) is a rational point on E N with u < 0.
Consider now the effect of the addition P +T = Q where P lies on the egg and T is one of the torsion points. All of the five finite torsion points lie on the infinite component. Since E N is symmetrical about the u-axis, P, T, −Q all lie on a straight line, and since the egg is a closed convex region, simple geometry implies that −Q and hence Q must lie on the egg. Similarly, if P lies on the infinite component then Q must also lie on the infinite component.
Geometry also shows that 2P must lie on the infinite component irrespective of where P lies. 
Nearly-equilateral Triangles
As mentioned in the introduction, if we have an equilateral triangle with side 1 then N = 2. This suggests investigating how close we can get to N = 2 with non-equilateral integer triangles. We thus investigate
with M a positive integer. We can proceed in an almost identical manner to before, so the precise details are left out, but we use the same names for the lengths and semiperimeter. The problem is equivalent to finding rational points on the elliptic curve
with
The curves F M have an obvious point of order 2 at (0, 0), and can be shown to have points of order 3 at (M 2 , ±2M 2 (2M + 1)) and order 6 at (9M 2 + 4M, ±2M(2M + 1)(9M + 4)). In general these are the only torsion points, none of which lead to a practical solution.
For M = 2k 2 + 2k, however, with k > 0, the elliptic curve has 3 points of order 2, which lead to the isosceles triangles with f = 2k, g = h = 2k + 1. This shows that we can get as close to N = 2 as we like with an isosceles triangle. If we reverse the process and start with an isosceles triangle, we can show that M must be of the form 2k 2 + 2k. The curves F M have two components, the infinite one and the egg, and, as before, we can show that real-life triangles can only come from rational points on the egg. Numerical experiments show that these are much more common than for E N .
As an example, the values for M = 89 are f = 1018 8073 7479 43 g = 1093 7217 9616 73 h = 1106 5215 5663 04 which gives a triangle with angles 55.16
• , 61.78
• and 63.06
• .
